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The total energy of all m-electrons in a conjugated hydrocarbon (within the
framework of HMO approximation) is the sum of the absolute value of all the
eigenvalues of its corresponding graph. In this paper, we consider “double hexago-
nal chains” as benzenoids constructed by successive fusions of successive naphthalenes
along a zig-zag sequence of triples of edges as appear on opposite sides of each naph-
thalene unit. It is shown that if the fusions are such as to give a polyaceacene then the
total m-electron energy is the minimum from among all the double hexagonal chains
with the same number of naphthalene units.
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1. Introduction

A hexagonal system is a 2-connected plane graph whose every interior face
is bounded by a regular hexagon of unit length 1. A hexagonal system H is said
to be catacondensed if all its vertices are on the outerface, otherwise H is said
to be pericondensed. The HMO total m-electron energy E is a well-known topo-
logical index in theoretical chemistry, which is related to the thermodynamic sta-
bility of conjugated structures [1-3]. From a chemical point of view, it is of great
interest to find the extremal values of E for significant classes of graphs. For
example, in Ref. [4], Gutman determines the trees with the minimal and max-
imal energy. More recent results in this direction can be found in Refs. [5-11],
all of which concentrated on acyclic system or catacondensed hexagonal system.
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This work deals with pericondensed hexagonal system. Let us recall some
notations and terminologies.

A hexagonal chain is a catacondensed hexagonal system which has no hexa-
gon adjacent to more than two hexagons. An m-tuple hexagonal chain consists
of m condensed identical hexagonal chains [1,2]. When m = 2, we call it a double
hexagonal chain. Let us orient naphthalene so that its interior edges are horizon-
tal. There are two types of triple-edge fusion of two naphthalenes: (i) b =r, ¢ =
s,d=t,e=u; (i) a=s,b=t,c=u,d=v as shown in figure 1. We call them
a-type fusing and B-type fusing, respectively.

Let @5y, = {D>xn|D2xn 1s a double hexagonal chain with n naphthalene
units}. The double hexagonal chain D, can be obtained from a naphthalene
by a stepwise triple-edge fusion of new naphthalene, and each type of fusion is
selected from 6-type fusing, where 6 € {«, 8}. So, we write Dyy, = 6165 ---6,_1
in short, where 0; € {a, B}. For each j, if 6; = 6,1 then the double hexago-
nal chain Dy, is denoted by Lj,; and if 6; # 6,1 then the double hexagonal
chain Dy, is denoted by Z»,,(see figure 2). Set

B ifo=a.

It can be seen that the double hexagonal chain Dyy, = 0165 ---6,,_ is iso-
morphic to the double hexagonal chain D>, = 6; 65---6,_1. For n > 2, Dy,
is a pericondensed hexagonal system. There have been several previous works
for double hexagonal chains with a regular repetition-both in MO & resonance-
theoretic frameworks. In particular, two general classes of regular polymer graphs
of a fixed number of hexagons width — “zig-zag” and “arm-chair” edges have
been compared before in an alternative resonating VB framework. They showed
that the species of the polypolyacene class is less stable than the corresponding
members of the polypolyphenanthrene class [12,13]. In this paper, we consider
the total -electron energies of double hexagonal chains within the framework of
HMO approximation. It is shown that if the fusions are such as to give a poly-

a r
Q-type
b s /
c t
d u
e v \A
B-tpe

Figure 1. Two types of triple-edge fusion of two naphthalenes.
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(b)

Figure 2. (a) Loy, (b) Zoyp-

aceacene then the Hiickel -electron energy is the minimum from among all the
double hexagonal chains with the same number of naphthalene units, i.e.

Theorem A. For any Djy, € ¥y, with n naphthalene units, Lyy, =< Diyy,,
where the equality holds only if Lyy, = Dy,.

2. Auxiliary results

The characteristic polynomial of a graph G, denoted by ¢(G) = ¢(G, x),
is defined as ¢(G) = det(xI — A), where I is the identity matrix and A is the
adjacency matrix of G [14]. If G is a bipartite graph then ¢(G) can be written
as

[n/2]
¢(G) = D (=D*b(G, k)x" ", 8]

k=0

where n is the number of vertices of G. Note that b(G,0) = 1 and b(G, k) > 0
foreach k =0, 1, ..., [n/2]. For other k, we assume b(G, k) = 0 for convenience.

The total m-electron energy of the molecule (within the framework of the
HMO approximation) is defined to be E(G) = 2;’:1|Aj|, where 1;(j=1,2,...,n)
are the eigenvalues of its corresponding graph G. The energy of bipartite graph
G is a strictly monotonously increasing function of the coefficients of its char-
acteristic polynomial. Inspired by this fact, Gutman defined a quasi-ordering
relation “>"(i.e. a reflexive and transitive relation) over the set of all bipartite
graphs: If G| and G, are bipartite graphs whose characteristic polynomials are
of the form (1) then

G = Gy < b(G1,k) =2 b(Gy, k) forall k > 0.
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If Gi = G> and there exists a k such that b(G,k) > b(Gy, k) then we write
G| > Gy. Thus, if G| = G, then E(G) > E(G3); and if G| = G, then E(G,) >
E(G») [3,4].

Let G be a graph and uv an edge of G. We denote by G —uv (resp. G — u)
the graph obtained from G by deleting uv (resp. the vertex u and edges adja-
cent to it). Denote by N(x) the set {y € V(G): xy € E(G)}. Let S be a subset
of V(G), the subgraph of G induced by S is denoted by G[S], and G[V \ S] is
denoted by G — S. Let C,(G) and C,,(G) denote the sets of cycles of G con-
taining the vertex u and edge uv, respectively.

The following lemmas 2.1-2.5 can be found in Ref. [14]:

Lemma 2.1. Let G be composed of two components G| and G», then the char-
acteristic polynomial of G is ¢(G) = ¢(G1)d(Gr).

Lemma 2.2. Let G be a graph and uv an edge of G, then the characteristic
polynomial

$(G) = ¢(G —uv) = ¢(G —u —v) = 2X¢;ec,, (G — Cj).

Lemma 2.3. Let G be a graph and u a vertex of G, then the characteristic poly-
nomial

®(G) = x0(G —u) = ZyeNwd(G —u —w) —2X¢;ec, $(G — C)).

Lemma 2.4. Let u and v be adjacent vertices in a graph G. Then

&(G) = ¢(G — uv) — &(G — u — v)
—2/4(G — w)d(G — v) — (G — uv)d(G — u — v),

where the square root is interpreted as a polynomial with a positive coefficient
in the highest term.

Lemma 2.5. Let u and v be vertices of a graph G. Let P,, be the set of all paths
which connect u and v. Then

*(G — )d(G — v) — $(G)d(G — u — v) = (Frep,, o(G — T))™.
For brevity, we denote X7cp,, ¢(G — T) by T,,(G).

The following lemma 2.6 is obvious (slightly different to lemma 4 given in
Ref. [10]).
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Lemma 2.6. Let G and G’ be two bipartite graphs of order n and m, resp.,
where n = m + 2k and k > 0. If the characteristic polynomials of G and G’
are written as ¢(G) = ZiLi/OZJ bix"~2% and ¢(G') = Z}'Z{)zj b;.x’"_zj , resp., then
G = G’ iff (=1)i(b; —b,_,)=>0fori=0,1,2,...,[n/2]; G> G iff G = G’ and
there is an i € {0, 1,2, ..., [n/2]} such that (=1)"(b; — b;_,) > 0.

Definition 2.1. Let G be a graph, and let s,¢g and h be the vertices of G.
Define the characteristic polynomial vector of G with respect to the vertices
s, g and h, denoted by A(G; sgh), as the vector A(G; sgh) = [¢(G), (G — s),
$(G—8),d(G—h),$(GC—5—8),o(G—g—),d(G—5—h),$(G—s—g—h),1].

Let Dyy(n—1) be a double hexagonal chain with n — 1 naphthalene units.
D>y, 1s obtained from Diy,—1) by 6-type fusing a new naphthalene B, where
0 € {«a, B}. If 6 = «, then the vertices of D, are labelled as in figure 3a(1); and
if & = B, then the vertices of D;y, are labelled as in figure 3a(2). Thus, from fig-
ure 3a it follows that rstgh € {abcde, edcba}. Note that B = «. Then the case

D,y B ,
(a) 0 a-tpe
S, s, S, s,
g, g, &, 8,
h, h, h, h,
O=(D,) d*(p,,) d!(D,,)
S, S, s,
g, g, &,
h, h” ’ h,,
s (D (D)
b DD, 4:(D,,) :(D,) D, %

Figure 3. (a) The two types of double hexagonal chain D;,,, obtained from Dy ,—1). (b) In each
graph G only the n-th naphthalene is shown, and the black vertices denote the end-vertices of paths
in Ty, (G) and the white circle denotes the deleted vertex, where uv € {gnhn, Sngn, Snhn}.
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of figure 3a(2) is equivalent to the case of figure 3a(1). Hence, without loss of
generality, in the following we only need to consider the case of figure 3a(1).

3.  Main results and proofs

Let G be a graph and u,v € V(G). By the relations of T,,(G) with the
characteristic polynomials of graphs G, G — u, G — v and G — u — v (see
Lemma 2.5), we introduce some further notations (Definition 3.1) that will be
used throughout the paper.

Definition 3.1. Let Dj,, € &>y, and s,, g, and h, be its vertices. We define
4)21 (Ds h) = Tgnhn(DZXn - Sn)a ¢22(Dsg) ) Tsngn (D2><n), ¢23(Dsgh) = Tsngn (D2><n -
hn). Op(Den) =T, (D2xn).  5(Dsgn) =xdp(Dgn) — & (Dsgn). 3 (Dygn) = xp
(Dygn) — 4)*(Dyg). b (Dygn) = x> (Dsg) — 692 (Dygn). &5 (D) = Ty, (D2xn)
08 (Dygn) = x02(Dsgn) — 0} (Dgn) and ¢] (Dsgn) = x4 (Dsgn) — & (Dsgn), which be
illustrated, respectively, by these corresponding graphs (see figure 3b).

Lemma 3.1. Let the vertices of D>y, be labelled as in figure 3a(l). If G is a
graph concerning with D, which is listed in table 1. Then the characteristic
polynomial of G can be written as the scalar product of two vectors, i.e.

&(G) = B(G) - A(D2x(n—1); Sn—18n—1hn—1),

where B(G) denotes the vector in x with 9 entries represented in table 1.

Proof. We only compute the characteristic polynomial $(D>y,), and omit the
others. By lemma 2.4, we have

BE-8, -2 V-G, -G,

And by lemmas 2.1-2.3 and 2.5, we get

Gy G628 - &8,

and

Vo0& 868

where the black vertices denote the end-vertices of paths. Similarly, by lemmas
2.1-2.5,
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Table 1
The vector B(G) of graph G.

G B(G)
D>y, —an [x5 —4x3+3x,0, —x4+2x2,—x4+3x2— 1,

0,x3 = x,0,0, 2xd} | (Dgp)]
D>y — by [x5 — 33 + x, —x4 + 3x2 — 1, —x4 + 2x2, —x4 + 2x2,

X3 = 2x, x3 = X, x3 = 2x, —x2 4+ 1, _2¢,21_1(Dsgh)]
Doy — dn [x5 —3x3 4+ 2x, —xt o2 - 1, x4 ox? - 1, x4 2x2,

W= x, w3 — w3 —x, —x2, —2¢§L,1(Dsgh)]
Doy —en [)c5 —3x3 + x, —x4 + 2x2, —x4 + xz, —x4 + 3x2 — 1, x3, x3 - X,

Doy —an —dn
D2><n —bn — €én
Dyyp —dn —en

Doy —an — by

Doy —bn —dy

Dysn —bn —cn

Doy —dn —cn

Doy —an —by —dy
Doy —bn —dn —en
Doy —bn —cpn —dp
Doypn —an —bp —cn —dp
Dyyp —bn—cn—dy —ep

Doyn

x3 —2x, —x2, —2x¢2_1(DSgh)]
[x4 —2x2 +1,0, —x3 +x, —x3 +x, 0, xz, 0,0,0]
[x4 — x2, —x3 + x, —x3, —x3 + x, x2, x2, x2 — 1, —x,0]

[x4 — 2x2, —x3 + x, —x3 + x, —x3 4 2x,x2,x2 — l,x2 -1, —x,

—2(');1_1 (Dsgh)]

[ =322 4+ 1,0, —x3 + 2x, —x% +2x,0,x% = 1,0,0, =20 | (D)1

[x4 —x2, —x3 + x, —x3 +x, —x3,x2 — l,xz,xz, —x,0]
[x% —2x2, —x3 4 2x,0, —x3 4+ x,0,0,x% — 1,0, 0]

[x4 — 224 1, —x3 +x,0, —x3 +x,0, 0,x2, 0, 0]

3 —x,0,—x2+1,-x2,0,x,0,0,0]

[x3, —x2, —x2, —xz, x,x,x,—1,0]

3 —x, —x2 41,0, —x2,0,0, x,0,0]

[x2 —1,0,0,—x,0,0,0,0,0]

[x2, —x,0, —x,0,0, 1,0,0]

[)c6 — 5x4 + 6x2 — 1, —x5 4 4x3 — 3x, x4 3x3 = 2x,

—x5+4x3 —3x,x4 —2x2,x4 —2x2+ 1,x4—3x2+ 1,—x3+x,

—2(07_ 1 (Dgn) + 05| (Dsgn) + &) (Dygn))]

%% =(x*- 5x' +6x* - 1)8 - (x7 - 4x’ +3x)] 8"'9 ]- (-3 +2x)<£>

(' - 3 +1)§\ - 24 +1)§:> ' - 2x2)g (- x)g -281

Thus, by definition 2.1, the above four equalities yield

&(D2xn) = B(Daxn) - A(D2x(n—1); Sn—18n—1hn—-1),

where B(D»y,) is represented in table 1.

Lemma 3.2. If the vertices of Dy, are labelled as in figure 3a(l). Then the
recursion formulas of ¢21(Dsgh), ¢22(Dsg), ¢23(Dsgh), ¢}1(Dgh) and ¢Z(Dsh) can,
respectively, be represented in table 2, where sgh € {bde, dba}.
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Proof. By repeatedly using lemma 2.5, we can get table 2.

We define the operation O; to the polynomial equality A, i.e. O1: Check
the highest order of each term on both sides of A, and denote this process by
01 — A in short.

Lemma 3.3. If the vertices of Dy, are labelled as in figure 3a(1). Let sgh €
{bde, dba}. Then ¢, (Dsgn), ¢y°(Dyg), ¢y (Dsgn)s & (Dgn)s 5 (Dsgh), & (Dsgn),
OH(Dsgn), 03 (Dsn), 05(Dygn) and ] (Dsgn) are of the form (1) with orders 6n +
1,6n 4+ 1,6n,6n + 2,6n + 3, 6n + 3, 6n + 2,6n,6n + 4 and 6n + 4, resp.

Proof.  According to definition 3.1 and lemma 2.6, it is seen that we only need
to prove that ¢21(Dsgh),¢22(Dsg),¢23(Dsgh),q>}l(Dgh) and ¢2(Dsh) are of the
form (1) with orders 6n + 1,6n + 1,6n,6n + 2 and 6n, resp.

Using induction on n. When n = 1, by lemma 2.5 and a routine computa-
tion we obtain that ¢21(Dsgh) = x” — 6x° 4+ 10x3 — 5x, ¢22(Dsg) = x’ —6x° +
1223 — 7x, $03 (Dygn) = x0 — 5x* +7x% — 2, ¢} (Dgp) = x¥ — 8x0 +20x* — 19x% + 6
and ¢2(Dsh) = x® — 4x* + 6x2 — 3, which imply Lemma 3.3 holding.
When n > 2, suppose that lemma 3.3 is true for n— 1. we first prove Fact 1. Fact
1.

(D) &(Dasn = b = cn = dn) = =x6)_; (Dsn);
(1) ¢(Daxn — by —cn —dy — €y) > _xq)ﬁ_l(Dsgh)y
&(Daxn — an — by —cn — dy) > _xq)i_](Dsgh)-

The proof of fact 1. Suppose that s,,_1 =b,_1, g1 =d,_1 and h,,_; = e, _(for
Sp1=dy_1,81—1 =b,_1 and h,_| = a,_1, the proof being similar). From tables

Table 2
The recursion formulas of 4)21(038;,),¢22(Dsg),¢23(Dsgh), c]),ll(Dgh) and ¢2(Dsh), where
sgh € {bde, dba}.

The recursion formulas

! (Dpae) O(Dawn — by —dn — en) + &2 (Dsgn)
N (Daba)  G(Daxn —an — by —dp) + &> (Dygn)
OB (Dpae)  G(Dasen — by — cn —dn — en) + F | (Dygn)
B Dava)  O(Dasn —an — by —cn —dn) + 0L (Dgp)
bp (Dpa) O(D2un — an —bn) + &) (Dsgn) + &2 (Dsp)
o) (Dge) O(Dysn — dn — en) + O°_ | (Dsgn) + &7 (Dyn)
22(Ddb) ¢(D2><n —bp —cp —dn) + d)z_l(Dsgh) + x¢,51_1(Dsh) + ¢3_1 (Dsgh)
&3 (Daa) O(Dasen — an — by —en — dn) + 30> (Dsgn) + % = DO (Dgp) + &) (Dgp)

b3 (Dpe) O(Dasen — bn — cn — dn — en) + x02_ | (Dygp) + (x2 = D2 (Dyp) + &% (D)
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1 and 2, it follows that

O(Dayn — by — ¢y — dy) + x> (Dpe)
= x¢(Dax(n—1) = bp—1 — 1 —dp_1 —€y_1) + X¢2_2(Dsgh) + (- X)be,_z
(Dsn) + x5 (Dygn) + (x> = )(Dasc(n—1)) — (% = Dd(Das(n1y — by—1)
— x%0(Dax(n-1) — €n—1) + X&(D2sc(n-1) — bu—1 — €x_1) (2

And, by definition 3.1, lemma 2.6 and the expression of ¢(Daxu—1)) We
know that

—x¢8 5 (Dsgn) — (x* = x)¢2_(Dyn) < (x* = X)d(Daxc(u—1))-

Since ¢(Dax(n—1)—bu—1—€n—1) = X6(D2x(n—1)—bp—1—dn—1—€1—1) —d(D2x (n—1)—
by,_1—cu—1—dy—1—e,_1) by Lemmas 2.1-2.2. Then, substituting the expression
of ¢(D2x(n—1) — bu—1 — €4—1) Into (2) and by O; —>(2), we know that (i) holds
by Lemma 2.6. The proof of (ii) is similar. Completing the proof of fact 1.

By fact 1., lemma 2.6 and O; — the recursion formulas in table 2, we
know that cbgl(Dsgh), ¢22(Dsg), ¢23(Dsgh), ¢,11(Dgh) and ¢3(Dsh) are of the form
(1) with orders 6n + 1,6n + 1,6n,6n + 2 and 6n, resp. Thus, the proof of Lemma
3.3 is complete.

Lemma 3.4. If the vertices of Dy, are labelled as in figure 3a(1). Let
Jn(Ds) =d(Daxn) — xd(Daxpn — $n) + &(Daxn — $p — hn)
and
Jn(Dsg) = &(Daxn — gn) — X&(Daxn — $n — &n) + &(D2scn — Sn — &n — hn),

where sgh € {bde, dba}. Then we have
Lm1/2]

(i) fu(Dg) = > Yjx™~2% where m; = 6n + 4,y = 0, < 0 and
i=0
(_l)lwl/ >0 for i = 2, ey I_ml/2J
Lma/2]

(ii) fu(Dsg) = > ¥/x™7% where my = 6n + 3,9 = 0,9/ < 0 and
i=0
(=Diy” >0 fori=2,...,|my/2].

Proof. We only consider (i) (using the same methods, and by induction we can
prove (ii)). By lemmas 2.1-2.5, if s, = b,,, g, = d, and h, = ¢, then

fn(Db) = ¢(Daxn — by — €y) — ¢(Daxy — by — ay)
—~&(Daxn — by — cn) — 2[6)_ 1 (Dsn) + &) 1 (Dyen)];
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and if s, = d,, g, = b, and h, = a, then

fu(Da) = 6(Daxp — dp — an) — &(D2xp — dyn — €y)
—&(Daxn — dn — ) = 2[0)_ (Dyn) + 65_ | (Dygn)].

Recall table 1. It is seen that ¢(Dax,, — by —en) < &(Daxy — by —ay) + d(Doxy —
by —cp) and G(Doxp — dp — ayp) < G(Daxn — dp — €y) + ¢(D2x,y, — dy — cy). So, by
Lemma 3.3 and O; — the above two equalities, we know that the term of order
6n+4 in f,(Dy) is 0, the term of order 6n+2 in f;,(Dy) is non-positive and the
coefficients of its successive terms are non-negative and non-positive alternately.
Lemma 2.6 thus proves our results.

Lemma 3.5. If the vertices of Djy, are labelled as in figure 3a(l). Let sgh €
{bde, dba}. Then

(i) fu(Dy)+aldl(Dgp)— bt (Dsgn)] = U%ZJ aix™ 2 where ny = 6n+2,«a €
{=2,—1,1},a9p < 0 and (—1)iq; < 6:?’0r i=1,...,|n1/2].
/2] _
(D) —fa(Dsg) + BLOY*(Dsg) — &' (Dsgn)] = > bix"7%, where ny =
6n+1,B € {£1, 42}, by > 0 and (—=1)'b; >lozofor i=1,...,|n/2].
Ln3/2]

(iii) fu(Dy) + [0S (Dggn) — &) (Dyg)]= > cix™72,  where n3 =
i=0
6n+2,c9<0and (—1)i¢c; <O0fori=1,...,[n3/2].
Proof. Suppose that s, = b,, g, = d, and h, = e, (for s, = d,, g, = b, and

h, = a,, the proof being similar).
(i) From definition 3.1 and table 2, we have

Op(Dae) = ¢(Dasen — dn — €n) + &5 (Dygn) + ¢;_; (Dyn)
and
On(Dpde) = 0(Dasn — by — ) + ) (Dggn) + x> _1 (Di) + x5 _1 (Dsgn)
Then, by lemma 3.4

fa(Dp) + aldy(Dae) — b (Dpae)]

= ¢(D2><n - bn —ey) — ¢(D2><n —dap — bn)
+ad(Daxn — dn — en) — (@ + Do(Daxy — by — cn) — adl | (Dgp)
—2+a)d! | (Dyen) + -2+ a(l —xH)1¢>_ (Dsn)

Recall table 1. It is seen that —¢(Dax, — by — €,) + &(Dox, — ap — by) —
adp(Daxp —dy—en)+ (a4 1)dp(Daxn — by —cp) is of the form (1) with order 6n+2.

(€)
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If @« = —1, -2 then, by O — (3) we know from Lemma 2.6 that (i) follows.

Similarly, if « = 1, since ¢$(Darx, — by, — ¢i) = xO(Dayx, — by — ¢y — dy), then by

lemma 2.6, lemma 3.3 and Fact 1(given in lemma 3.3) we know that (i) is true.
Using the same methods, we can prove (ii) and (iii).

Lemma 3.6. If the vertices of Dy, are labelled as in figure 3a(1). Then
(1) (Dasxn—an—Dbn) > (Daxn—dn—en), (Dasxn—dn—an) > (Daxn—bp—en);
(i1) (Daxn — an) > (D2xn — €n), (D2xn — dn) > (Daxn — bn);
(iii) (Daxn — an — by — dn) > (Daxn — by — dp — €n);
(Daxn — an — by — cn — dy) > (Daxn — by — ¢n — dn — €n);

(iv) 6N (Dapa) > 6N (Dbae)s 622 (Dapa) > 622 (Dpde), dr(Dpa) > o) (Dye),
&y (Daa) > &) (Dpe).

Proof.  Since x(¢)(Dgn) — &y (Dsgn)) = (bn(Dsgn) — & (Dsgn)) + (03 (Dygn) —
¢22(Dsg)) by definition 3.1. Then, by lemmas 3.1 and 3.4 we get

d(Daxn — an — dp) — &(Doxn — by — €y) = (_x2 + 1) fuo1(Dy) + xfn—l(Dsg)7

&(Daxn — an — by —dp) — &(Doxn — by —dy — en) = —xfr1(Ds) + fn—l(Dsg)7
®(Daxn = an = by — ¢n — dn) = &(D2xp — by — cp — dn — €n) = — f—1(Ds),
&(Daxn — an — by) — &(D2xpn — dp — €p)

= (=2 + D fao1 (D) + xfu-1(Dsg) = 200, (Dgn) = by (Dsgn)].
d(D2xn — an) — d(D2xn — €n) = xfn—1(Ds)

+x[6(Daxpn — an — bp) — &(Daxy — dn — €n)]

and

O(Dasxn — dn) — d(Dasen — bp) = xfr_1(Ds) — fu_1(Dsg) — 2x[d} | (Dgn)
— b (Dsgn)] = [62% | (Dsg) — &2 | (Dygn)].

By lemmas 3.5(i)(ii) and O; — the above six equalities, we know from lemma
2.6 that (i) — (iii) follow.
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(iv) Similarly, since x(¢7(Dsgn) — &3 (Dsgn)) = (& (Dgn) — by (Dsgn)) + (65 (Dygn)
—d)Z(Dsgh)) by definition 3.1. Then, from lemmas 3.1, 3.2 and 3.4 we deduce that
(09 (Dapa) — by (Dpae)] = —xfu—1(Dy) + fu_1(Dsg)— x[0p_1 (Dgn) — dn_1(Dygn)]
9L | (Dygn) — 00 (D)1,
0% (Dapa) — 0 (Dpae) = — fu—1(Ds) — [0n_1(Dsgn) — by_1(Dgn)],
Op(Dpa) — dp(Dae) = &(Dasn — an — by) — &(Daxn — du — €n)
+0, | (Dygn) — 651 (Dsgn) = (—x* + 1) fu_1(Dy)
+xfu—1(Dsg) — (2 + DIop_ (Dgn) — dr_1 (Dsgn)]
+x[00 | (Dygn) — do> 1 (Dyg)],

and
03 (Daa) — 63 (Dpe) = — fu—1(Ds) + [d] 1 (Dsgn) — 6| (Dsgn)]-

Hence, (iv) is true by lemma 2.6 and lemma 3.5. So, the proof of lemma 3.6 is
complete.
By lemma 3.6, it is seen that the following Lemma 3.7 holds.

Lemma 3.7. If the vertices of Ly, (n > 2) are labelled as in figure 2(a). Then
(1) (Laxn—0n—Xn) > (L2axn —2Zn—qn), (Laxn —0p —2n) > (L2xn —Xn —qn);
(i) (Laxn — 0n —Xn — 2Zn) > (Loxn — Xn — Zn — qn);
(iii) (Lasxn — on) > (Laxn — qn)s (L2xn — Zn) > (L2xn — Xn);
(i) &' (Laxo) > 0! (Lazg)s & (Laxo) > 05 (Lzg), by (Lox) > by (Lzg),
dp(Lzo) > b (Lxg).

The proof of theorem A. If the vertices of Lyy,, Z>x, and Dy, are labelled
as in figure 2 and figure 3a, respectively. We only need to consider the figure
3a(1) (for figure 3a(2), the proof being similar). It is easy to see that &, =
{L2x1} = {Z2x1}, P2x2 = {Lax2} = {Z2x2} and Py 3 = {L2x3, Z2x3}. Obviously,
theorem A holds as n = 1, 2. So, we suppose that n > 3 below. By lemma 3.1,
we know that

&(Daxp) = B(Daxyp) - A(DZX(H—I); Sn—18n—1hn-1),

where B(D»y,) is represented in table 1. Note that r,_1,s,_1,%:—1, gn—1 and
hn—1 correspond to 0,1, Xp—1, Yu—1,Zn—1 and gu—1 (0T ly_1, pp—1, Wy—1, Vp—1
and u,_1), respectively(see figures 2 and 3a(1)). Then,

O(Laxn) = B(Laxy) - A(L2><(n—l); Xn—1Zn—19n—1)» “4)
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and

&(Zoxn) = B(Zoxp) - A(ZZX(}’l—l); Pn—1Vn—1Up_1), ®)
where

B(Lasyy) = [x% — 5x% + 6x2 — 1, —x> + 4x3 — 3x, —x° + 3x3 — 2x,
x4 4xd =3, x =2 x = 2x 1, x =3k 1, =X 4 x,
—2(¢)_ (Lxg) + 08 (Lxzg) + &) (Lizg))]

and

B(Zyy,) = [)c6 —5x4 4+ 6x2 — 1, —x +4x3 — 3x, —x° 4 3x3 — 2x,
A =B xt =2 =22+ L xt =32 4 1, —x 4,
=2(0)_{(Zpu) + 051 (Zpuu) + 0} (Zpou))]

In order to use induction to prove Theorem A. Recall tables 1 and 2 and
Definitions 2.1 and 3.1. Comparing ¢(D2y,) with ¢(Lrw,), we know by Lemma
2.6 that it suffices to prove the following claim 1 which contains more contents
than that of theorem A.

Claim 1. For sgh € {bde, dba},

(Daxn — Sn — & — hy) = (Laxn — Xn — Zn — qn),
(Daxn — &n — hu) = (L2oxn — 2n — qn),
(Daxn — s — hn) = (Laxn — Xn — qn)s  (D2xn — Sn — gn) = (L2xn — Xn — Zn),
(Daxn — hn) = (Laxn — qn),  (D2xn — $p) = (Laxn — Xn),
O(D2xn — 8n) + d(Daxn — &n) = d(Loxn — Xp) + &(Loxn — Zn),
(D) = b (Lxg)s &y (Dgn) = dp(Leg), 03 (Dsg) = &5 (Lxzg),
¢3*(Dsg) = 00 (Lyz),
¢23(Dsgh) = ¢23(szq)’ Loy X Daxp.

Note that if Dyy, = Loy, then claim 1 holds by lemma 3.7. Hence, we may
assume that Dyy, # Lyx, in the following. By lemmas 3.6 we know that for
claim 1 holding it suffices to prove the following claim 2((i)—(v)).

(i) (Daxn — by —dy —en) > (Laxn — Xn — 2Zn — qn);

(ii) (Daxpn—dp—en) > (L2xn—2n—qn)s (Daxn—bp—en) > (L2xn —Xn—qn),
(D2xn — by —dy) > (Laxn — Xn — 2n);

(iii) (Daxn —en) > (Laxn — gqn), (Daxn — by) > (Laxy — Xn), &(Daxn — by)
+ &(D2xn — dn) > ¢(Loxn — Xn) + ¢(Loxn — 2n);

(iv) 03 (Dpe) = &5 (Lig)s 2 (Dae) = b2 (Lzg)s 021 (Dpae) = 40 (Lrzg)s 092 (Dap)
> ¢22(sz)a ¢23(Dbde) > ¢23(szq);

(v) Laxn < Daxp.
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using induction on n. When n = 3. ®y,3 = (L343, Z2x3}. Then, applying
computer algebra (Mathematic 4.0) techniques to (4) and (5) we can get ¢(Ly«3)
and ¢(Z>x3) (See appendix A). Using the same methods and referencing tables
1 and 2, we can get the rest of characterize polynomials in Appendix A. And
recall figure 2, it is easy to see that Claim 2 holds as n = 3.

Suppose that claim 2 is true for all double hexagonal chains with fewer than
n naphthalene units. We show that Claim 2 holds as n > 4. From table 1 it fol-
lows that

O(Dasen — by — dy — €3) = x> 0(Dax(n—1)) — x*[6(Dax(n-1) — Sn—1)
+d(D2x(n—1) — &n—1) + d(D2x(n—1) — hn—-1)]
+x[0(D2x(n—1) = Sn—1 — &n—1) + d¥(D2x(u—1) — &n—1 — hn—1)
+d(D2x(n=1) = Sn—1 — hn—1)] — d(D2x(n—1) — Sn—1 — &n—1 — hy—1),

where sgh € {bde, dba}, and

O(Loxn — Xn —2n — qn) = x3¢(L2><(n—l)) - xz[q)(LZx(n—l) — Xp—1)
+0(Lox(n-1) — Zn—1) + d(Lax(n-1) — gn-1)]
Fx[O(Loxn—1) = Xn—1 — Zn-1) + d(L2x(n—1) — Zn—1 — qn—1)
+¢(L2x(n—l) — Xp—1 —qn-1)] — ¢(L2><(n—l) — Xp—1 = Zn—1 — Gn—1)-
By the inductive hypotheses and Lemma 2.6, it is easy to see that (i) holds. The

proof of (ii)—(iii) is similar to it. Now we prove ¢2(Dbe) - 4)2 (Lxq). From tables
1 and 2 we deduce that

¢,51(Dbe) = &(Daxpn — bp —cpn —dn — en) + Xq)i_](Dsgh)
+( = Dy (Dsn) + 61 (Dsgn),

where sgh € {bde, dba}, and

¢,51(qu) = ¢&(Loxn —Xn — Yn — Zn — qn) +x¢i_1(szq)
+(2 = Do) (Lig) + dp_  (Lyzg)-

Similar to the proof of Fact 1 (given in lemma 3.3), by the inductive hypoth-
eses, lemmas 2.6, 3.1-3.3, 3.6 and definition 3.1, we know that ¢2(Dbe) .
d),sl(qu). Using the same methods, we have q),ll(Dde) . ¢}1(qu), ¢21(Dbde) .
M (Lazg)s 62(Dap) = dO2(Lyy) and ¢03(Dpge) > ¢03(Lyzg). In the further, from
@)—(iv), (1), (4), definition 3.1 and lemma 2.6 it follows that L., < Dixp.
Hence claim 2 holds as n > 4. So, the proof of theorem A is complete.
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Appendix A

The characteristic polynomials of graphs concerning with D»,,,, where n = 3.

b (Lzg)
by (Zp)
' (Lxzg)
O (Zupt)
o (Lxz)
S (Zpv)
bn (Lxzg)
23(va1)
b (Lxg)
3 (Zup)
d(Lax3)
d(Z2x3)
P(Lax3 — x3)
d(Lax3 —23)
d(Lax3 —4q3)
d(Zyx3 —13)
P(Zax3 —v3)
d(Z2x3 — P3)
d(Lax3 —x3 —q3)

G(Laxz —23—4q3)

40 — 837x2 4+ 4079x* — 9186x° + 11623x8 — 8956x10 4+ 4333x12 — 1313114
+240x16 — 24518 4 20

112 — 1167x% + 4699x% — 9796x0 + 11958x8 — 9058x10 4 4349x12
—1314x14 +240x16 — 24518 4 20

—55x +730x3 —2691x5 +4710x7 — 4616x° +2699x 11 — 954x13 4 198x15
—22x17 —|—x19

—121x 4 951x3 — 2993x5 + 4920x7 — 4693x? + 2713x!1 — 955413
+198x15 — 22517 4 19

—160x + 1248x3 — 3720x3 + 5763x7 — 5215x7 + 2889x!1 — 985x13
+200x15 — 22517 4 19

—206x + 1424x3 — 3979x5 + 5952x7 — 5288x% +2903x!! — 986x 13
—|—200x15 — 2017 + %19

—4 4 248x2 — 1331x* + 2875x% — 3247x8 + 2108x10 — 808x12 + 179x14
_21x16 +x18

—24 +351x2 — 1514x* + 3027x0 — 3311x8 + 2121x10 — 809x 12
+179x14 — 21516 4 x18

—10 + 26632 — 1227x* + 2491x5 — 2759x8 + 1804x10 — 709x 12
+163x14 — 20x16 4 18

—42 + 385x2 — 1394x* + 2601x° — 2795x8 + 1809x10 — 709x12
+163x14 — 20x16 4 18

—100 + 1838x2 — 9605x%4 + 24398x0 — 35902x8
+33110x10 — 19831x12 + 7783x 14 — 1973x10 4+ 309x18 — 27520 4 522

—196 4 2358x2 — 10792x* + 25862x° — 369688
+33580x10 — 19953x12 4+ 7800x 14 — 1974x10 4+ 309x18 — 27520 4 x22

180x — 1995x3 + 7601x> — 14708x7 + 16670x°
—11779x11 + 5305x 13 — 1512x15 4+ 262x17 — 25x19 4 421

278x — 2396x3 + 8271x> — 15304x7 + 16978x°
—11872x ! +5320x 13 — 1513x15 4 262x17 — 25x19 4 521

80x — 1313x3 + 5916x° — 12607x7 + 15187x°
—11164x1T +5157x13 — 1493x15 4 261x17 — 25x19 4 421

160x — 1692x3 + 6620x° — 13278x7 + 15543x°
—11269x 11 + 5173x 13 — 1494x15 4 261x17 — 25x19 4 421

292x — 2434x3 + 8312x° — 15330x7 + 16989x?
—11874x ! + 5320x13 — 1513x15 + 262x17 — 25519 4 x21

326x — 2628x3 + 8732x5 — 15786x7 + 17260x°
—11963x 1 + 5335x 13 — 1514x15 4 262x17 — 25x19 4 421

1 — 177x2 4 1511x% — 4585x% 4+ 7057x8 — 6268x10 + 3380x12 — 1115x !4
+218x16 — 23518 4 20

16 — 598x2 + 3309x* — 7998x° + 10623x8 — 8477x19 4+ 4204x12 — 1295514
+239x16 — 24518 4 20




1056 H. Ren and F. Zhang| Total m-electron energy

Appendix A (Continued)

d(Lyy3 — x3 — 23) —215x2 + 1615x* — 4693x% + 7110x8 — 6280x10 + 3381x12 — 1115x 14
+218x16 — 23518 4 420

O(Zyyz — 13 — 13) 9 —292x2 + 1816x% — 4948x6 + 7288x8 — 6348x10 + 3394x12 — 1116414
+218x16 — 23518 4 420

O(Zyyz — p3 —13) 64 — 830x2 +3770x* — 8480x° + 10905x8 — 8568x10 +4219x12 — 1296x 14
+239x16 — 24518 4 20

D(Zry3 — v3 — p3) —255x2 + 1762x* — 4913x° 4 7278x8 — 6347x10 4 3394x12 — 1116114

+218x16 — 23,18 4 x20
D(Layy3 —x3—23 —q3) —18x +467x3 — 2088x° + 4060x7 — 4247x% 4 2587x11 — 937513
+197x 15 — 22217 4 419
O(Zaxz — I3 —v3 — p3)  —58x + 614x3 — 2308x7 + 4228x7 — 4314x? + 2600x 1 — 93813
+197x15 = 22x17 4 19
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